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Abstract

This research develops a technique that uses the attenuation of ultrasonic waves to characterize the average size and volume fraction of

entrained air voids in hardened cement paste. Quantitative knowledge of entrained air void size and distribution helps ensure that an

adequate design strength is developed, while maintaining resistance to freeze-thaw damage in cement-based materials. Ultrasonic

attenuation coefficients obtained from pulse-burst signals are measured in the frequency range of 500 kHz–5MHz. From these

parameters, the average size and the volume fraction of the entrained air voids are determined using a combination of an ultrasonic

scattering model and an inversion algorithm. Experiments are performed on specimens produced with and without entrained air voids.

There is a good agreement between the model prediction and the experiments in these systems that contained o10% by volume of

entrained air voids.

r 2006 Elsevier Ltd. All rights reserved.
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1. Introduction

When concrete is expected to be exposed to cycles of
freezing and thawing in service, chemical air-entraining
agents are typically used to impart a system of well-
dispersed voids (0.05–1.25mm diameter, up to about 10%)
which serve to protect the concrete from damage resulting
from expansion of freezing water [1]. However, too great
an air content can unnecessarily decrease compressive
strength of the concrete. For each 1% of added air
entrainment, there is approximately 3% to 5% loss in the
compressive strength. When entrained air is high (7% and
higher), entrained air voids congregate along the surfaces
of aggregates, causing additional strength loss at the
interface between the cement paste and aggregate. The air
e front matter r 2006 Elsevier Ltd. All rights reserved.
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content in fresh concrete mixtures is typically measured
soon after production using standard gravimetric [2],
volumetric [3] or pressure [4] methods. However, the
volume of entrained air can be affected by normal
construction operations (e.g., placement, compaction
vibration, finishing), and, as a result, measurements of air
content in fresh concrete are not necessarily representative
of the actual air content in situ. In addition, these standard
methods are often cumbersome to perform and do not
provide information regarding the size and distribution of
the air voids.
In contrast, ultrasonic techniques (which use quantita-

tive attenuation measurements) have the potential to
provide in situ measurements of both air void size and
volume fraction. Previous studies have been successful in
relating ultrasonic attenuation with grain size and porosity
in ceramic and metallic materials [5,6]. Ultrasonic waves
have shown to be very effective in characterizing distrib-
uted voids in structural materials, with several well-
accepted scattering models available in the literature

www.elsevier.com/locate/ndteint
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Fig. 1. Magnified digital images of the two specimens: (a) cement paste

specimen; (b) entrained air specimen.
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(e.g., [7–9]). Among them, the formalism in [8] and effective
medium theory may be used when the wavelength is much
greater than the size of the scatterers, while the diffusion
approximation is valid for a wavelength much smaller than
the size of scatterers. In the framework of resonance cavity
scattering theory, Gaunaurd and Überall [10] extended the
treatment of single scattering resonances presented by
Waterman and Truell [11] into a multiple scattering
formalism, which allows for the treatment of a low volume
of the same size voids (on the same order as the
wavelength) embedded in a viscoelastic matrix. An
important aspect of these analytical models is that they
directly provide the attenuation coefficients for long-
itudinal and transverse waves; these attenuation coeffi-
cients can be directly measured in different materials. For
example, Sayers et al. [12] investigate ultrasonic attenua-
tion in porous media using the multiple scattering theory of
[11]. Finally, Morochnik [13], Brauner and Beltzer [14],
Biwa [15], and Kim [16] provide formulations for wave
scattering in a viscoelastic matrix, and these results have
been successfully applied to characterize various particle-
reinforced polymer matrix composites.

A number of researchers have investigated ultrasonic
wave propagation in cement-based materials; this is a
challenging class of materials since their heterogeneous
nature leads to complex wave behavior. Moreover,
ultrasonic waves in cement-based materials are highly
attenuated because: (i) the paste matrix is viscoelastic; and
(ii) significant energy can be scattered by several types of
inclusions including aggregate, air voids, and microcracks.
Recent studies by Landis [17], Popovics et al. [18], and
Jacobs and Owino [19] have investigated sources of
attenuation losses in cement-based materials. Anugonda
et al. [20], and Becker et al. [21] applied a statistical
approach plus diffusion theory to cement-based materials
to calculate diffusion and dissipation parameters (measures
of attenuation). These studies can experimentally resolve
the effect of different features of the microstructure on
attenuation, but do not provide direct information about
the size or volume fraction of the microstructure of
interest.

The objective of the current research is to apply
established ultrasonic scattering models and develop a
procedure to measure average entrained air void size and
volume fraction in in situ hydrated cement paste. This
study considers a real, but simplified cement-based
material, cement paste, which consists of Portland cement
and water, but does not include any fine or coarse
aggregates. Cement paste is the binding matrix of all
cement-based materials, and a quantitative understanding
of attenuation in this material is a critical step in the
understanding of ultrasonic wave propagation in concrete
components.

A theoretical model for attenuation behavior of long-
itudinal waves is applied to a two component system
composed of entrained air voids and viscoelastic cement
paste matrix [15]. This model, which assumes only a single
size scatterer (assumes that all entrained air voids are the
same size) and neglects any interaction between the
scatterers (it is only valid for a relatively low volume
fraction of entrained air voids) is used to demonstrate the
influence of air void size and volume fraction on the
attenuation coefficients. Next, attenuation experiments (in
the frequency range of 500 kHz–5MHz) are performed in
cement paste specimens with and without entrained air
voids. Finally, an inversion procedure is used to predict the
average size and the volume fraction of the entrained air
voids.

2. Theoretical modeling—forward problem

Cement grains react chemically with water to form
hydration products. These products, any residual unhy-
drated cement, and the intrinsic multiscale porosity forms a
viscoelastic cement paste matrix. Fig. 1(a) shows a
magnified digital image of a cement paste (only) specimen,
while Fig. 1(b) shows a magnified digital image of a cement
paste matrix cast with an air-entraining agent (cement
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paste with entrained air voids). Details of the casting
procedure for these two specimens are presented in
Section 3. Note that the cement paste (only) specimen
contains some intrinsic porosity that are not due to the
air-entraining agent—these voids are clearly visible in
Fig. 1(a).

Assume that the entrained air specimen shown in
Fig. 1(b) is a two-component system—a cement paste
matrix (which includes some intrinsic porosity) with a
distribution of spherical air voids; these voids, then, are
those produced by the addition of an air-entraining agent,
typically a surfactant which produces well-spaced, sphe-
rical porosity within the matrix. A theoretical model for
ultrasonic wave attenuation in such a two-component
system is shown in Fig. 2—the model consists of (single
sized) spherical entrained air voids of radius a embedded in
an isotropic viscoelastic matrix. The total number of
entrained air voids per unit volume of the system is
denoted as, ns and is related to the volume fraction, f, by
f ¼ 4

3 pa3ns. If this system is subjected to an incident time-
harmonic plane wave, the energy loss rate of the combined
scattering by the air voids and the viscoelastic absorption
in the matrix can be estimated following [15]. This model is
based on the assumption that there is no interaction
between neighboring air voids, and that the scattering loss
can be evaluated using the scattering cross section gsca of a
single scatterer (entrained air void) in an infinite matrix.
The absorption loss in the viscoelastic matrix is found to
decrease in proportion to the volume fraction of the
entrained air voids, so the total attenuation coefficient of
this two component system is

a ¼ ð1� fÞaa þ
1

2
nsgsca, (1)

where aa is the absorption attenuation coefficient of the
incident wave in the viscoelastic matrix (1/m or Neper/m)
and gsca is the scattering cross section of a single spherical
air entrained void ðm2Þ. The above expression implies that
the total attenuation of this two component system is the
addition of the two quantities—reduced absorption
attenuation due to the presence of the entrained air voids
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Fig. 2. Schematic of a representative material volume, V.
of volume fraction, f, in the viscoelastic matrix, and the
scattering attenuation due to the entrained air voids. This
equation makes it possible to separate the calculated
attenuation coefficient of ultrasonic waves in this two
component system into: the absorption attenuation of the
viscoelastic matrix (when the entrained air voids are
absent); the entrained air void size; and the entrained air
void volume fraction.
Eq. (1) requires the calculation of the scattering cross

section of the scattered wave field by a single spherical air
void. The scattering cross section is defined as the
equivalent area of a scatterer, and is larger than the
physical area of the scatterer—it is the ratio of the scattered
power divided by the intensity of the incident wave. This
calculation is a classical problem of wave scattering
(associated with the scalar Helmholtz equation) and has
been addressed by several researchers. This research
follows [22] and a detailed analysis is given in Appendix
A; the scattering cross section of a longitudinal wave
scattering by a spherical void is

gsca ¼ �
4p

ReðkÞ
Im �

X
m¼0

imAm

 !
. (2)

Using Eqs. (1) and (2), numerical calculations are carried
out for the longitudinal wave scattering by a spherical void
in a viscoelastic cement paste matrix in terms of the
normalized wave numbers, ka. For a viscoelastic cement
paste matrix, k ¼ oð1=cL � iaa=2pf Þ. Note that the quan-
tity aa=2pf is simply the slope of the attenuation (in Neper
per meter) versus frequency function (in Hz) curve
obtained from attenuation measurements made in a
specimen that consists of viscoelastic cement paste matrix
only. Details on the measurement of the viscoelastic
properties of the cement paste matrix are provided in
Section 4.1.
Fig. 3 shows the normalized scattering cross section

gsca=pa2 for an incident longitudinal wave in a cement paste
matrix with entrained air voids specimen calculated with
Eq. (2), as a function of normalized frequency, ka. Note
that if the entrained air void radius, a, is taken to be 0:3
mm, the ka range in Fig. 3 corresponds to a frequency
range from DC up to approximately 10MHz. Fig. 3 clearly
demonstrates that the scattering effect is relatively small in
the low frequency range, and then it grows substantially
before eventually flattening out as the frequency increases.
The influence of matrix viscoelasticity on the scattering
cross section is also illustrated in the same figure. There is
little difference between the elastic and viscolelastic matrix
results, with the viscoelasticity mainly affecting the low
frequency results. Overall, a viscoelastic matrix results in a
larger scattering cross section in the kao1 range and a
smaller scattering cross section in the ka41 range.
The total frequency dependent attenuation coefficient, a,

calculated with Eq. (1) is shown in Figs. 4 and 5 for an
incident longitudinal wave as a function of absolute
frequency, for a number of different void fractions, f,
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Fig. 3. Normalized scattering cross section as a function of normalized frequency.
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Fig. 4. Total attenuation, a, versus frequency for different void fractions,

f and void radius fixed ða ¼ 0:3mmÞ.
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and void radii, a. The experimentally measured absorption
attenuation of the cement paste matrix (see Section 4.1) is
presented as a dashed line in both figures to indicate the
relative contribution of each of the two loss mechanisms—
absorption and scattering. These figures show the influence
of the two entrained air void characteristics, void fraction
and void radius, and will be used as the ‘‘forward problem’’
results for the proposed inversion scheme. It can be seen
that the total attenuation is directly related to the entrained
air void size and volume through this frequency range, and
these figures indicate that it should be possible to extract
quantitative information about the entrained air void size
and distribution in real cement paste specimens.

3. Experimental procedure

Two 10 cm� 20 cm hardened cement paste cylindrical
specimens were cast from commercially available Type I
Portland cement and water at a water-to-cement mass ratio
of 0.4 in a Hobart mixer. A chemical air-entraining agent
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Fig. 6. Attenuation and phase velocity measurement using the spectral ratio technique.
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(Darex supplied by W.R. Grace) was added to one of the
specimens at about 0:2 percent of the cement by mass
during the process of mixing without adjustment of the
total volume to produce entrained air voids in the hardened
cement paste specimen. This is similar to the procedure by
Kalliopi and Philip [23]. Immediately after the completion
of mixing and molding, both specimens were covered with
plastic caps and kept in moist, sealed plastic containers for
24 h. After 24 h, the specimens were demolded and were
stored in sealed plastic containers in an environmentally
controlled room for 27 more days at 22 �C. At 28 days of
age, they were removed from the room, and were cut using
a diamond saw and polished to provide a 25mm section
parallel finished surface. Those specimens found to be most
free of visible cracks were selected for the ultrasonic
measurements. Fig. 1 shows magnified digital images of
typical areas for each of the two specimens (the specimen
manufactured without the air-entraining agent is identified
as the cement paste specimen, while the specimen
manufactured with the air-entraining agent is identified
as the entrained air specimen).

Commercial contact transducer pairs (1, 2, and 5MHz
nominal frequencies, Panametrics Inc.) are used along with
a Panametrics 5072PR pulser–receiver to transmit long-
itudinal (or transverse) ultrasonic waves into each of these
specimens. The electrical signal is first amplified with a
maximum of 45 dB with a power amplifier. The transmit-
ting transducer (T) then converts the electrical signal to a
pressure wave. The pressure wave propagates through a
specimen and is received by another transducer (R) and
converted into the electrical signal. The signal is acquired
with a sampling rate of 50 mega samples per second, and
with 8-bit resolution with a digital oscilloscope. The signal-
to-noise ratio (SNR) is increased by averaging over a large
number of signals (i.e., 500). The spectrum of each received
signal is calculated using a fast Fourier transform (FFT)
procedure. Spectral ratio analysis [24] is used to measure
attenuation and phase velocity; this technique compares
the amplitude and phase spectra of two signals recorded on
the same specimen which have traveled along two different
paths, and is summarized in Fig. 6.
As shown in Fig. 6, the first signal, S1ðtÞ, propagates

through one thickness of the specimen (direct longitudinal
or transverse wave), while the second signal, S2ðtÞ,
propagates through three thicknesses of the same specimen
after reflections on both specimen sides. With a pair of
finite circular transducers, the amplitude spectra of the two
signals are

S1ðf Þ ¼ Dðs ¼ zÞS0ðf Þe
�aðf Þze i½ot�kðf Þzþf0�,

S2ðf Þ ¼ Dðs ¼ 3zÞS0ðf Þe
�aðf Þ3ze i½ot�kðf Þ3zþf0þdf�, ð3Þ

where aðf Þ denotes the total attenuation coefficient, DðsÞ is
the diffraction coefficient proposed by Rogers and Van
Buren [25] with s ¼ 2pz=ka2, kðf Þ ¼ 2pf =vðf Þ with vðf Þ the
phase velocity, z is the thickness of the specimen, S0ðf Þ and
f0ðf Þ are the source spectrum and the source phase for
z ¼ 0, and df is the phase shift between the time base of the
first and second signal. Thus the corresponding expressions
for the attenuation and the phase velocity are

aðf Þ ¼
1

2z
½ ln

S1

S2

� �
� ln

Dðs ¼ zÞ

Dðs ¼ 3zÞ

� �
�,

vðf Þ ¼
ð4pfzÞ

arg S1
S2

� �
þ df

, ð4Þ

where argð�Þ designates the argument of the complex
number under consideration. One can see from Eqs. (3)
and (4) that the effect of geometric divergence (the
change in the amplitude due to the diffraction effects) is
needed when computing attenuation coefficients. The
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phase velocity, on the other hand, is not altered by this
geometric divergence.

The robustness and accuracy of the proposed experi-
mental procedure is demonstrated by making a set of
measurements on a benchmark material, Lucite (poly-
methylmethacrylate). The measured values are a long-
itudinal wave phase velocity of 2782 m/s and an
attenuation per wavelength of 0.045 Np (1 Neper ¼
8.686 dB), which can be compared to the published values
of 2690 m/s and 0.022 Np [26], and 2750 m/s and 0.041 Np
[27]. There is some variability in the published values
(especially for attenuation), but the results obtained with
the proposed procedure are well within this range.

4. Experimental results

4.1. Cement paste specimen results

Figs. 7 and 8 show the experimentally measured phase
velocity, v, and attenuation, a (in Neper/m) as a function of
frequency in the cement paste specimen for both long-
itudinal and transverse waves. Note that the dramatic drop
in phase velocity for frequencies below 500 kHz is most
likely an artifact of the frequency response of the
measurement system; there is insufficient energy in this
frequency range, so the spectral ratio analysis may produce
spurious values. Only weak dispersion is observed in the
frequency range of interest (500 kHz–5MHz), and both
phase velocities are well approximated as a frequency-
independent constant (in this frequency range). It is also
clear that the attenuation coefficients can be approximated
as first-order (linear) equations of frequency (in this range).
Note that this linear dependence on frequency for
absorption attenuation (the only attenuation mechanism
present in these specimens in this frequency range) has been
observed in polymers [26], and is referred to as hysteresis
absorption. Hysteresis absorption (as well as relaxation
and creep) is present in other viscoelastic materials such as
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transverse waves in the cement paste specimen.
biological tissues [28] and is recognized as occurring in
cement-based materials [29]. Relevant material properties
of this cement paste specimen (extracted from these
experimental measurements) are summarized in Table 1.

4.2. Entrained air specimen results

Fig. 9 shows the experimentally measured attenuation, a
(in Np/m) as a function of frequency measured in the
entrained air specimen (longitudinal waves only) and
compares it to the experimentally measured cement paste
results of Fig. 8. Noting from Eq. (1) that the total
attenuation in this entrained air specimen is the sum of
both absorption (cement paste matrix) and scattering
(entrained air voids), it becomes clear that the additional
attenuation present in the entrained air specimen is only
due to scattering from the entrained air voids. It should be
possible to separate these two effects (the scattering effect
from the absorption effect) by subtracting the (long-
itudinal) attenuation measured in the cement paste speci-
men from the attenuation measured in the entrained air
specimen—this result is presented in Fig. 10. This scatter-
ing only attenuation will be used in the proposed inversion
analysis to obtain quantitative information about the
entrained air void size and volume fraction that exist in
this specimen.

5. The inverse problem

Section 2 examined the forward problem—application of
a single scattering model to determine the attenuation
coefficient when the size and volume fraction of the
entrained air voids are assumed to be known. The more
important problem is the opposite—determination of the
entrained air void fraction and size using a set of
experimentally measured attenuation coefficients. Ideally,
this inverse procedure should also treat the distribution of
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Table 1

Material properties of cement paste specimen

Property Symbol Value

Longitudinal phase velocity cL½
m
s
� 3750

Transverse phase velocity cS ½
m
s
� 1990

Longitudinal attenuation coefficient;

aLðoÞ ¼ aL0 þ
aLao
2p

aL0½
1
m
� �8.50

aLa½
1

m�MHz
� 20.21

Transverse attenuation coefficient;

aSðoÞ ¼ aS0 þ
aS ao
2p

aS0½
1
m
� 8.85

aSa½
1

m�MHz
� 90.46

Poisson’s ratio n 0.26a

Young’s modulus E½GPa � 19.5b

Density r½kg
m3� 1945a

Water-to-cement mass ratio w
c

0.40

aValues are calculated from phase velocities.
bValues are taken from Becker et al. [21].
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air void sizes as a third unknown, but as a first step, this
research assumes that there is only a single size of entrained
air voids present within the volume fraction, f.

The Nelder–Mead downhill simplex method [30] is used
to predict the entrained air void radius, a, and volume
fraction, f, from the experimentally measured attenuation
coefficients. This inversion procedure is accomplished by
comparing the theoretical results of the attenuation model
(which is a function of two variables, a and f) with the
experimentally measured attenuation coefficients to deter-
mine the best fit between the experimental results and the
theoretical prediction. The proposed objective function is
e ¼

P
f ½aða;fÞm � aða;fÞth�

2. The subscript ‘‘m’’ denotes
that experimentally measured attenuation coefficients,
while ‘‘th’’ denotes the values predicted with the theoretical
attenuation model. A flow diagram of the inversion
procedure and associated criterion is shown in Fig. 11.
The inversion for this particular application is smooth with
a direct convergence to a single set of values, and without
any local minima; the inversion procedure clearly con-
verges to a ¼ 0:26 and f ¼ 3:3% after twenty iterations.
Note that these values are within the range measured by
Kalliopi et al. [23] for a similar set of specimens.
As a final verification, the values predicted by the

inversion procedure (a ¼ 0:26 and f ¼ 3:3%) are substi-
tuted into the theoretical model (Eq. (1)) and the resulting
attenuation coefficient (labeled as Forward Prediction ] 1)
is compared to the experimentally measured values; these
results are shown in Fig. 12. There is good agreement
between the two data sets, with the best agreement in the
2.25–5MHz range. There is a greater difference for
frequencies below 2.25MHz. A possible explanation for
this difference could be due to the assumption of only a
single size of entrained air voids present within the volume
fraction, f.
In reality, the air voids in cement paste are not all of the

same size, but instead will have a certain statistical
distribution. Following Mehta et al. [29], consider a more
complicated microstructure system that has two dominant
void sizes (each having a normal distribution) as shown in
Fig. 13(a). The distribution of the smaller voids (referred
to as entrained air voids) has a mean void radius
a ¼ 0:25mm, while the second (larger) one (referred to as
entrapped air voids) has a mean void radius a ¼ 1mm.
Note that both distributions are symmetric, and have the
same standard deviation, with more values near the center
of their distribution, and relatively fewer in the tails. With
this assumed microstructure, the number of voids at a
particular radius per unit volume can be calculated by
ns ¼ 3f=4pa3, which is shown in Fig. 13(b). It is now
possible to analytically predict the scattering attenua-
tion coefficient in this microstructure (following [12]) by
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superimposing these discrete void sizes, and then calculat-
ing a new theoretical scattering attenuation with Eq. (1).
The theoretical prediction for this new, two-size distribu-
tion microstructure is labeled as Forward Prediction ] 2 in
Fig. 12; it is clear that by assuming the existence of a
second (larger but low volume) scatterer, there is a much
better agreement between the experimental and theoretical
results. Note that these larger scatterers are most likely
present in both the cement paste and entrained air
specimens in the form of larger entrapped air voids.

6. Conclusions

This manuscript presents a technique that uses the
attenuation of ultrasonic waves to quantitatively charac-
terize the average size and volume fraction of entrained air
voids in hardened cement paste. The attenuation and phase
velocity of longitudinal and transverse waves in cement
paste specimens are predicted by applying established
single scattering models to the microstructure of interest.
A complementary experimental program measures at-
tenuation coefficients obtained from pulse-burst signals in
the frequency range of 500 kHz–5MHz. An inversion
algorithm is then used to determine the average size and the
volume fraction of the entrained air voids, and there is
good agreement between the model prediction and the
experiments in these systems that contained low volume
fraction of entrained air voids. It is important to note that
the inversion procedure does not account for a distribution
of different size air voids, although it is shown that
inclusion of a distribution of larger void sizes improves the
prediction of scattering attenuation (especially in the
frequency below 2.25MHz). Future work could include
this distribution into the inversion algorithm for a more
robust technique.
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Appendix A. Elastic wave scattered by a spherical cavity

For an incident time-harmonic heioti plane longitudinal
wave propagating in the x1 direction, consider two-
dimensional complex displacement potentials, F and C,
which satisfy the Helmholtz equations, ðr2 þ k2

ÞF ¼ 0
and ðr2 þ k2ÞC ¼ 0, with the propagation constants,
k ¼ o=cL � iaL (longitudinal wave) and k ¼ o=cS � iaS

(transverse wave). Using these equations, the problem of
a plane longitudinal incident wave encountering a sphere in
a viscoelastic solid can be solved using spherical coordi-
nates. The spherical void gives rise to scattered longitudinal
and transverse waves outside the sphere (Fig. 14). The
solution of the wave equations consists of a series
expansion of spherical Bessel functions and spherical
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harmonics with two unknown scattering coefficients (Am

and Bm). These coefficients are then determined numeri-
cally from the stress continuity conditions at the void–vis-
coelastic paste matrix interface (at r ¼ a).

Using the stress relations of Ying and Truell [22], the
results from two simultaneous algebraic equations are
sufficient to determine the two coefficients Am and Bm. In
matrix form, these equations are:

H11 H12

H21 H22

 !
Am

Bm

 !
¼
�1

k
ð�iÞmþ1ð2mþ 1Þ

J11

J21

 !
,

(A.1)

where

H11 ¼ �ðm
2 �m�

ðkaÞ2

2
ÞhmðkaÞ � 2ðkaÞhmþ1ðkaÞ,

H12 ¼ mðmþ 1Þ½ðm� 1ÞhmðkaÞ � ðkaÞhmþ1ðkaÞ�,

H21 ¼ ðm� 1ÞhmðkaÞ � ðkaÞhmþ1ðkaÞ,

H22 ¼ �ðm
2 � 1�

ðkaÞ2

2
ÞhmðkaÞ � ðkaÞhmþ1ðkaÞ,

J11 ¼ �ðm
2 �m�

ðkaÞ2

2
ÞjmðkaÞ � 2ðkaÞjmþ1ðkaÞ,

J21 ¼ ðm� 1ÞjmðkaÞ � ðkaÞjmþ1ðkaÞ. ðA:2Þ

In these equations, jmðxÞ and hmðxÞ are the spherical Bessel
function of the first and the third kind, respectively.

The scattering cross section of the spherical void gsca is
related to the finite sums of the expansion coefficients
following [11] as

gsca ¼ �
4p

ReðkÞ
Im �

X
m¼0

imAm

 !
. (A.3)
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